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(1) Consider the set
A={(z,y) e R?: 22+ 4% <5, -3z <y < 3z}

and the function
(a) (20 points) Sketch the graph of the set A, its boundary and its interior and justify
if it is open, closed, bounded and/or compact.

Solution: The set A, its interior and its boundary are approximately as indicated
in the picture.
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And the closure coincides with A, A = A. The functions hi(z,y) = y> + 2% — 5,
ho(z,y) = y + 3x and hz(z,y) = y — 3x are continuous and A = {(z,y) € R? :
hi(z,y) < 0,ho(z,y) <0,hs(x,y) > 0}. Hence, the set A is closed (Note also that
0A C A). It is not open because ANJA # (0. The set A is bounded. Therefore, the

set A is compact.

(b) (10 points) Prove that the set A is convex.
Solution:  The set A is the intersection of 3 sets A = Ay N Ay N Az with

Ay ={(z,y) € R?: hy(z,y) <0}
Ay = {(z,y) € R? : hy(x,y) > 0},
As = {(z,y) € R? : hs(z,y) < 0},

where the functions functions hi(z,y) = y*+2*=5, ho(x,y) = y+3x and hs(x,y) =
y — 3x have been defined in the previous part. The functions hy and hs are linear.
Hence, the sets Ay and Az are convexr. We show next that the set Ay is also conver.
Consider the function g(x,y) = y*> + x> — 5. Its Hessian matriz is
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which is positive definite. Hence, the function g is convex and the set Ay is conver.
Since, A is the intersection of convex sets, it is also conver.

(5 points) State Weierstrass’ Theorem. Determine if it is possible to apply Weier-
strass’ Theorem to the function f defined on A.

Solution: The set A is compact and the function f(z,y) = (2y — )3 is continu-
ous. Hence, Weierstrass Theorem applies.

(10 points) Draw the level curves of f, indicating the direction of growth of the
function.
Solution:  The level curves

flz,y)=Q2y—=x)’=D

are straight lines of the form

Y=3T

Graphically,

The black arrow represents the direction of growth of the function f.

(20 points) Using the level curves of f, determine (if they exist) the points of
the set A where the function f attains its global minimum and/or a global
maximum values on the set A.

Solution:  Graphically, the minimum value is attained at the point (zo,yo) where
the line y = 5 + %/3 is tangent to the graph of the curve x*> + y*> = 5. Let y(x)

be the function defined by the equation x* + y* = 5 near the point (xg,y0). The

slope of the line y = 5 + %/3 s m = % Hence, y'(xo,) = 5. Taking derivatives,

2
implicitly, we have
0 = 2x¢ + 2yoy (o) = 270 + Yo

Thus, yo = —2xq. Substituting this value in the equation x3 + y2 = 5, we obtain
5x2 =5 or zg = £1. Since g > 0, we take xg = 1. The minimum value is attained
at the point (1, —2) and the minimum value of the function is f(1,—2) = —125.



Graphically, the maximum value is attained at the point where the curves y = 3x
and y? + 2% — 5 intersect. That is, at the point where 102> = 5, © > 0. Hence,

r= \/Li That 1s, the mazimum value is attained at the point (\%, \%) The mazxi-

3
mum value 1s f (\/Li, \%) — (\%) .



(2) Consider the function f(x,y,2) = —2% — 22y — y> + 2yz — 2% defined in R3.
(a) (15 points) Determine D, the largest open set of R* where the function f is strictly
concave.

Solution: We have
Vilx,y,z)= (—3x2 — 2y, —2x — 3% + 22,2y — 22) ,

—6x -2 0
0 2 =2

We obtain Dy = —6x, Dy = 36xy — 4, D3 = —T2xy + 24x + 8. We require that
e D <0. Hence, x > 0.
e Dy > 0. Hence, y > %.
e D3 <0. Hence,y>$+%.

Therefore,

9z 3

(b) (10 points) Prove that the set D found in the previous part is convex.
Solution: Let Dy = {(z,y,2) € R¥: 2 >0,}, Dy = {(x,y,2) e R® 1y > &~ + 1},
We see that Dy is convex. Consider the function g(x) = o= + 5. We have ¢"(z) =
9%3 > 0. Therefore, g(x) is a convex function and Dy is convex. We conclude that

D = DN Dy is also conver.

1 1
D:{(x,y,z)ER3:x>O, y>—+—}



(3) Consider the system of equations
ty —xy+zz = 3
tr+z = 2
(a) (10 points) Using the implicit function theorem, prove that the above system of

equations determines implicitly two differentiable functions y(z,t) and z(z,¢) in a
neighborhood of the point (zo, yo, 20, to) = (0,3,2,1).

Solution: We first remark that (zo,vo, 20,t0) = (0,3,2,1) is a solution of the
system of equations. The functions fi(z,t) = ty—zy+xz—3 and fo(z,t) = t*w+2—2
are of class C'*°, because they are polynomials. We compute

’3(f1,f2) _ ' Lo

A(y,2)

01

_|t—x
(2,6)=(0,3,2,1) 0 1

‘ 1

(2,£)=(0,3,2,1)

By the implicit function theorem, the above system of equations determines implic-
itly two differentiable functions y(x,t) and z(x,t) in a neighborhood of the point
(x(h Yo, =0, tO) = (Oa 3,2, 1)'

(b) (15 points) Compute

@(0,1),%(0,1),@(0,1) %(0,1)

Ox o ot "ot
Solution: Differentiating implicitly the system with respect to x,
0 0 0
0 = t52(et) — w5t (@) = y(a,t) + a5 (2.8) + 2,1
0z
0 = “(z,0)+¢
ax (:I’" )+
We plug in the values (xq, Yo, 20, to) = (0,3,2,1) to obtain
dy
0 = =—=(0,1)—1
ax( ? )
0z
0 = —(0,1 1
0.0+
Therefore
oy 0z
—(0,1)=1, —(0,1)=-1
8:10( =1 Gm( 1)
Differentiating now implicitly the system with respect to t,
Oy oy 0z
0 = ta(:z:,t) — xg(x,t) +y(x,t) + xa(:v,t)
0
0 = a—i(x,t)—i—?tx

We plug in the values (xq, Yo, 20, to) = (0,3,2,1) to obtain

0 = @(0,1)+3

ot
0z
0 = (0.1
Therefore
ay (07 1) = _37 0= (07 1) =0

ot ot



7

(¢) (10 points) Compute Taylor’s polynomial of order 1 of the functions y(z,t) and
z(z,t) at the point (zo,to) = (0, 1).
Solution:  Taylor’s polynomial of order 1 of the function y(z,t) at the point
(l'o,to) = (0, 1) 18

Pl(l’,t) = y(aﬁo,to) + %((’Eo,to)(l' — $0) + @<l‘0,to>(t — to) =34+x— 3(t — 1)

ox ot
Taylor’s polynomial of order 1 of the function z(x,t) at the point xo =1 is
0 0z
Py(x,t) = 2(wo, to) + 8—z(x0, to)( — o) + - (w0, to) (t — o) =2 —

(d) (5 points) Use Taylor’s polynomial of order 1 of the functions y(x,t) and z(z, 1)
at the point (xg,t9) = (0,1) to give an approximate value of y(0.01,0.99) and
2(0.01,0.99).

Solution:  We have

P,(0.01,0.99) = 3+ 0.01 + 3 x 0.01 = 3.04

and
P5(0.01,0.99) =2 —0.01 = 1.99



(4) Consider the quadratic form
Q(ma Y, Z) = Cl$2 + by2 + 4$y + 2xz + 2y2 + 22

where a,b € R.
(a) (5 points) Compute the symmetric matrix A associated to Q.

Solution: The associated matriz is

A:

— N Q
_— DN
—_ = =

(b) (10 points) Compute the leading principal minors Dy, Dy and D3 of A.

Solution: We have

a 2

Dlza, D2: 2}

':ab—zl, D3=|Al=ab—a—b

(¢) (15 points) For what values of a # 0 and b # 0 is the quadratic form @ positive
definite?

Solution: We need Dy > 0, Dy > 0, D3 > 0. That is, a > 0, ab > 4 and ab > a+b.
Hence, the quadratic form is positive definite for the values of (a,b) in region

Ay ={(a,b) €R*:a>0,b>0,ab > 4,ab > a + b}

For completeness, we argue that the condition ab > 4 is redundant. However, this
is not necessary to get full credit in this part.

Suppose that a > 0, b > 0 and ab > a + b. Then, we have a(b—1) > b > 0 and
bla—1) > a > 0. So, we must have a > 1, b > 1. Given this, the condition
a(b—1) > b may be rewritten as

- b
a/ [
b—1
For given b > 1, the minimum value of ab subject to the condition a > % 18
attained for a = b_Ll And for this value of a, we have that
b2
h—
R
Now, the function g(b) = bb_—21 18 convexr for b > 1, the minimum value of g is
attained at b =2 and g(2) = 4. Hence,
2
ab > >4
b1

We conclude that the quadratic form is positive definite for the values of (a,b) in
region As.

Ay ={(a,b) eR*:a>1,b>1,ab> a+b}

(d) (15 points) For what values of a # 0 and b # 0 is the quadratic form @ negative
definite?

Solution: We need D, < 0, Dy > 0, D3 < 0. That is, a <0, ab > 4 and a+b > ab.
Note that a < 0 and ab > 4 imply that b < 0. But, then we have a + b < 0 which
1s not compatible with a + b > ab > 4.



(e) (15 points) Classify the quadratic form @ for the values of a =0, b € R.

Solution: For a =0, we obtain that

A:

=N O
=l \V]
—

We consider the chain
Dy =0, Dy=-4, D3=|Al=-b
We see that

e for b # 0, we have Dy < 0, D3 # 0 and the quadratic form is indefinite.
e fora=0=0 the matriz is

0 2 1
2 0 1
1 11
We consider the chain
N . | a22 Q23 0 1 _ o o
Dy=a33=1>0, Dy= s ass | | 1 1’— 1<0, D3=|Al=0

and the quadratic form is indefinite.
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(5) (20 points) Consider the function f(z,y) : R? — R and the functions z(t, 2), y(t, 2) :
R? — R defined by
flx,y)=zy+vy*> and  z(t,2)=t"+2z y(t,2) =t
And consider the composition h : R* — R defined by h(t,z) = f(z(t, 2), y(t,2)). Use

the chain rule to compute

oh Oh
E(_lal)a a(_Ll)

Solution:
z(—=1,1) =2, y(-1,1)=-1

Df($ay):(yvx+2y)> Df(27_1):(_170)
Let g(t,2) = (x(t, 2),y(t, 2)) = (t* + 2, t2%). We have

Dyl(t,2) = ( ig 271% ) . Dg(=1,1) = ( _? _; )

By the chain rule,

(%(—1,1) %(—m)) = Df(2,—1) Dg(—1,1) = (—1,0) ( -

Therefore,

— N
|
N —
N———
I
—~
no
|
—_
~—

oh Oh

-1,1) = -1
ot D



11

(6) Consider the function

(a)

f(z,y) = 52 + 32% + 4oy + 4% + 5y
(5 points) Write the gradient and the Hessian matrix of the function f at a point
(z,y).

Solution: The gradient of the function f is
Vf(z,y) = (202° 4 6z + 4y, 4z + 6y° + 10y)

The Hessian matriz is

6022 +6 4
Hf(z,y) = ( 4 30y +10 >

(10 points) Write the polynomial of Taylor of orden 1 of the function f at the
point p = (0,1).
Solution: At the point p = (0,1) we have f(0,1) =6 and
Vf(0,1) = (4,16)
Thus,

P(x)=6+4x +16(y — 1) = 4z + 16y — 10
(10 points) Write the polynomial of Taylor of orden 2 of the function f at the
point p = (0,1).

Solution: At the point p = (0,1) we get

nion = )
Thus,

1
Py(z) = 6+4z+16(y—1)+ 3 (627 + 8z(y — 1) +40(y — 17)
= 32 + day + 20y* — 24y + 10
(10 points) Prove that for any (z,y) € R? the following inequality holds
52t + 327 + day + ¢° + 5y* > dx + 16y — 10

and the inequality is strict except for x =0, y = 1.
Solution: The Hessian of f is

6022 +6 4
Hf(z,y) = ( 4 30y +10 >

We see that Dy = 602® + 6 > 0 and Dy = 180022y* + 60022 + 180y* + 44 > 0.
Hence, the function f is strictly convex and we have that the tangent plane at any
point is below the graph of the function. Therefore, for any (z,y) € R? we have

f(‘rvy> > Pl((l,’,y)
with equality only at the point p = (0,1).



